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ABSTRACT

In this paperwe proposeanefficientmethodto modeltheamount
of bow hair in contactwith the string in a physicalmodel of a
bowedstringinstrument.

1. INTRODUCTION

Modelsof bow-string interactiontypically approximatethe bow-
string contactasa singlepoint. However, the finite width of the
bow is known to have audibleeffects. For example,McIntyre et
al. [4] observed “dif ferential slipping” of the bow-string contact
during thesticking phaseof bowed-stringmotion. In differential
slipping,thestringoccasionallyslipsononesideof thebow while
remainingstuckon the otherside(or it couldslide briefly in op-
positedirections). The authorsmodeledthe differentialslipping
eventsusinga “two-hair” bow, i.e., a bow having only two points
of contact,correspondingto thebow edges.They notedthat ideal
Helmholtzmotionrequiresthatthestringslopechangefrom pos-
itive to negative during sticking, while the static friction of the
bow-string contactattemptsto prevent any slopechangesunder
thebow; this conflict createsdifferentialslipping,evenin thecase
of only two bowing points. Dif ferentialslipping eventsgenerate
irregular spikesin the force excertedby the string on the bridge,
which in turn produceaudiblenoise.

More recently, Pitteroff andWoodhouse[6, 7] havedeveloped
a more accuratephysicalmodel of finite-width bow-string con-
tactusingfinite-differenceapproximations.They showedthatin a
complex systemsuchasa bowedstring,a point anda finite-width
excitationdo not producethesamekind of behaviour. Sincetheir
techniqueis ratherexpensive for real-timeimplementation,there
remainsa needfor alternativesolutions.

In this paperwe proposeanrelatively efficient computational
modelof thefinite-width bow intendedfor soundsynthesisappli-
cations.Themodelproducesdifferentialslippingnoiseasis found
in realbowed-stringinstruments.

2. “CLASSIC” BOW-STRING MODELS

The single-pointbow-string model is classic,and a review may
befoundin [5]. This modelapproximatesbow-stringcontactat a
point which is at a normalizeddistance

�
from thebridge,where������� �

representsthemiddleof thestring.Thebow velocityand
thebow force at the contactpoint aredenoted�
	 and ��	 , respec-
tively. At thecontactpoint, two physicalvariablesareconsidered:
thefriction force � andthetransversevelocityof thestring � . Fric-
tion andvelocityarenonlinearlyrelatedvia thebow-stringcontact
parameters[9].

Whenthevelocity �
	 of thebow is equalto thatof thestring� , they are“stuck together”,otherwisethey aresliding. The al-
ternatingstickingandsliding phasesgive riseto thecharacteristic
movementof thestring(known astheHelmholtzmotion).

The velocity � at thecontactpoint resultsfrom thecontribu-
tion of thewaves ���� and ���� comingfrom thenut andthebridge
respectively. In the sameway, two travelling waves �
� � and �
� �
resultingfrom thebow stringinteractionpropagatetowardthenut
andthebridge.Thenwecanwrite:

� � �
����������� �
� � ���� �
Thecontributionof thereflectedwaves ���� and �� � aresummed

at thecontactpoint:

�
� � �� � ���� �
Bow stringinteractionis representedby system(1):

� � � ����� ����� ��� �! #" �� � $%� �&�'�
	 � �! #( � (1)

Oncethis couplinghasbeensolved, thenew outgoingwaves� ��� and � ��� arecalculatedby equations(2
"
) and(2

(
):

� � ��� � � �� �*)+�, �-��" ��
� � � ����&�.)+�, �-��( � (2)

The model is describedin Fig. 1, and Fig. 2 presentsits block
structure.

v/ on vob

vib
v/ in vh=vin+vib

f
0
= µ1 (v-vb)

2Z(v-vh){f=

 vob=vin+f/(2Z)v/ on=vib+f/(2Z)

Figure1: Descriptionof thebasicbow-stringinteractionmodel.

In Fig. 2, � representsthefrictional force,while, 2 lt
�-3 � and2 rt

�-3 � are the filters that model the lossesof the left-going and
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Figure2: Block structureof thebasicbowedstringmodel.

right-goingwavespropagatingtoward the bridgeandthe nut re-
spectively.3�465 7

and
3�468!7

representthe left-going andright-goingdelay
linesrespectively.

This modelallows to reproducethe idealisedHelmholtzmo-
tion, which is the solutionof a hypotheticalsystemof a perfect
flexible stringbowedin a singlepoint by a rigid bow [1].

Thefollowing sectiondescribeshow to improve thismodelto
obtainmorerealisticwaveforms.

3. TOWARD MORE ACCURATE BOWED STRING
MODELS

3.1. Accounting for torsional waves

To refinethe bowedstring modelintroducedin the previoussec-
tion, we needto takeinto accountotherphysicaleffects.

The first oneconsistsof accountingfor the torsionalwaves.
Sincetorsionaldampingis greaterratethantransversaldamping,
includingtorsionalwavesin themodelallows theHelmholtzmo-
tion to establishquicker([2]). For a descriptionof how torsional
wavescanbeincludedin themodel,see,e.g.,[5].

3.2. Modeling the stiffnessof the string

A secondimprovementconsistsof accountingfor stiffness,whose
mainroleis to dispersethesharpcornersthatcharacterizetheideal
Helmholtzmotion.

As describedin [8], stiffnesscanbemodeledusingallpassfil-
terswhosecoefficientsareobtainedminimizing the infinity norm
of theerrorbetweentheinternalloopof thestringandtheapprox-
imationby thefilter’scascade.

Thestructureof themoreaccuratemodelof a bowedstringis
representedin Fig. 3.

In Fig. 3, asbefore, � representsthe frictional force, while,2 lt
�-3 � and 2 rt

�-3 � arethefilters thatmodelthe lossesof the left-
going and right-going transversalwaves propagatingtoward the
bridgeandthenut respectively.3�465 7

and
3�468!7

representthe left-going andright-goingdelay
lines respectively. In additionto the structureof Fig. 2, 2 ltr

�-3 �
and 2 rtr

�-3 � arethefilters that modelthe lossesof the left-going
andright-goingtorsionalwavespropagatingtowardthebridgeand
thenut respectively.

Moreover,
3�465 7�8

and
3�498!7�8

representtheleft-goingandright-
going delaylines for the transversalwaves,and 2 a

�-3 � represent
thecascadeof allpassfilters usedto modeldispersion.

Themodeljust describedis ableto simulatethe roundingoff
of the idealisedwaveform by introducingmoredissipative terms
anddispersive terms.
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Figure3: Structureof a refinedmodelof a bowed string, which
accountsfor torsionalwavesandstiffnessof strings.

In thenext sectionwe describehow themodelcanbefurther
refinedto accountfor thefinite bow width, which is incompatible
with theidealHelmholtmotion.

4. A TWO POINT BOW-STRING INTERA CTION MODEL

Sincethe transitionsfrom stick to slip arenot instantaneous,dif-
ferentregionsacrossthebow mayhave differentreleaseandcap-
tureevents,andasituationcalled“dif ferential-slippingevents”de-
scribedin [4] canoccur. In differentialslipping, bow hairsnear
the bridgemay slip backwardrelative to the bow motion, while
bow hairson the nut sidemayslip forward. This processcanbe
understoodasthestring “straighteningout” underthebow asthe
bowing point movesuniformly from oneextreme(capture)to the
other(release).

Helmholtz motion is generallynot disruptedby differential
slipping due in part to the dampingprovided by torsionalstring
motionandthefinite complianceof thebow-hair.

Dif ferentialslippingcancreateaudibleevents,especiallywhen
bowing closerto thebridge.

To accountfor differentialslipsweproposea two pointmodel
that allows us to simulateefficiently the finite width of the bow.
As shown in Fig. 4, the bow is in contactwith the string in two
pointscalled �
� 5 and �
� 8 . Thecontactpoint �
� 5 on theleft sideof
thebow is obtainedsummingthecontributioncomingfrom theleft
sideof the bow, plus a filtered versionof the wave comingfrom
theright side,which is attenuatedby thebow air. Thesameis true
for thecontactpoint on theright side,denotedby � � 8 , sowe can
write::

� � 5 � � ��&;=< 8 ��� �� � � 8 � � �� ��� ��>;=< 5 (2)

where < 8 and < 5 aretwo filters thatmodelthe right andleft side
attenuationrespectively.

Sotwo bow-stringinteractionshave to besolved,onefor each
sideof thebow, whichgive two friction valuesas:� � 5 � ���?� � 5 �'�
� 5 � �-@�" �� 5 � $A� � 5 �?�
	 � �-@�( � (3)
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and � � 8 � ���B� � 8 �?�
� 8 � �DCE" �� 8 � $%� � 8 ���
	 � �DCE( � (4)

where � 5 and � 8 representthevaluesof thefriction calculated
at the left andthe right sideof the bow respectively, and � 5 and� 8 representthevelocity at theleft andright contactpoint respec-
tively.

Thisallowsto calculatethenew outgoingvelocitesasfollows:� �
��� � �� � �F)�G+�, �DCE" ��
� � � ����H� )�I+�, �DCJ( � (5)

von vob

vib
vK in vK hl=vin*h+vib

fl=µL (vl-vb)
2
M

Z(vl-vhl){f
N
l=

vob=vin+fl/(2Z)

fr=µL (vr-vb)
2
M

Z(vr-vhr){fr=

vK on=vib+fr/(2Z)

vhr=vin+vib*h

Figure4: Structureof thetwo pointbow-stringinteractionmodel

5. THE BOW HAIR

Theribbonof bow-hair ona violin bow consistsof approximately
200 hairs,of which normally 50 or so are in immediatecontact
with thestring[7].

Sincethedistancebetweenthehairsis smallerthanthewave-
length,we canapproximatethebow hair asa uniformmaterial.

6. CONVERSION OF PHYSICAL PARAMETERS TO
SAMPLES

Sincethediameterof anindividualbow hair is about0.2mm,and
no morethan50 hairsarein contactwith thestring, the resulting
bow width is about1 cm. Thismeansthatatanaudiorateof 44100
Hz thenumberof samplescorrespondingto thebow width is given
by
�DC�C9 ��O�EP ��Q �=;&R P
S , where R representsthe width of the bow,S

is the length of the string (0.69 m) and ��Q is the fundamental
frequency of the string. For example, in the caseof a violin G
string,we have ��Q �T �U�V Hz, which givesa bow of threesamples
in contactwith thestring.

On theotherend,a violin W string ( ��Q �XV���U
Hz) givesless

thanonesampleof contactarea.
To copewith this problem,we usea multiratemodel,asde-

scribedin thefollowing section.

7. A MULTIRATE BOW HAIR MODEL

We usedigital fractionaldelays([10, 3]) which allow both a fine
tuningof thesamplinginstantsandanefficient implementationof
samplerateconversion.

Theoutputsamplesarecomputedwith differentdelayvalues,
accordingto thecorrespondingstringthatis played.
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Figure5: Motion of a bowed string with the bow excited at nor-
malizedbow positionof 0.07. Top: basicmodel,bottom: model
thataccountsfor thebow width.

For example,weassociatethestandardaudiorateof 44.1kHz
with theG string,which, asexplainedbefore,gives3.26samples
of full contact.

Having the samenumberof samplesfor the highestviolin
string(i.e., theE string,at659Hz), wouldrequireasamplerateof
about140kHz,which is wayabove theusualstandards.

On the otherhand,imposinga samplerateof about48 kHz
wouldresultin asinglesampleof bow haircontact,whichreduces
thetwo point modelto thesinglepoint model.

Ourcompromiseconsistsof choosingasamplerateof 82kHz
for theE string,whichgivesabout1.8samplesof full contact,and
allows to excite alsothe higherharmonicsof thestring to obtain
brightersonoritieswithout encounteringaliasing.

8. SIMULA TION RESULTS

Figure6 shows the waveformscapturedby the differentmodels
after reachingsteadystate,about4000samplesfrom the attack,
whentheHelmholtzmotionis established.

Thesesimulationsshow acello Y stringbowedwith aconstant
bow forceof

�Z� �
N anda constantbow velocity of

��� ���
m/s. The

bow wasplacedat a normalizeddistancefrom the bridgeof
���[ 

,
where

�
representsthebridgewhile 1 representsthenut.

The top figure representthe waveformscreatedby the basic
modelof Fig. 2. Thesecondfigurefrom thetop representstheba-
sic modelwith torsionalwaves.Thethird figureis themodelwith
torsionalwaves and allpassfilters to accountfor inharmonicity.
Finally, thebottomfigurerepresentsthemodelwith thesamefea-
turesasthepreviousone,but with thebow width modelincluded.

Noticehow theHelmholtzwaveformissomehow more“noisy”
than in the previous examples. Theseperturbationsresult in au-
dible noise,qualitatively similar to that in real bowed string in-
struments.Figure5 shows how thenoise-generatedspikesin the
waveformareevenmoreevidentwhenbowing closerto thebridge.
Maintainingthesameparametersasin Fig. 6, we move thebridge
to a normalizeddistanceof

��� �E\
.
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Figure6: Motion of a bowedstringobtainedusingdifferentmod-
els. From top to bottom: basic model, basic model with tor-
sionalwaves,basicmodelwith torsionalwavesandstringstiffness,
modelwith torsionalwaves,stringstiffnessandbow width.

9. TIL TING THE BOW

Having abow of finite width allows to reproducethemovementof
theplayerwhile tilting hisbow simplyby changingthenumberof
“bow samples”in contactwith thestring.

Moreover, it is possibletosimulatebowswhosewidth is larger
thanthatof a real instrument,simply by increasingtheamountof
samplesthatrepresentthecontactarea.

10. RESULTS AND FUTURE WORK

In this paper, we have proposeda methodfor bow width simula-
tion whichprovidesthecharacteristicnoiseof bowedstringinstru-
mentsdueto differentialslipping. For thefuture,we arestudying
waysto improve our two-pointmodeltowardmoreaccuratemod-
els,suchasthePitteroff-Woodhousemodel,soasto providehigher
realismwhile keepingthecomputationalexpensereasonable.
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[3] Timo I. Laakso, Vesa Välimäki, Matti Karjalainen, and
Unto K. Laine. Splitting the Unit Delay—Tools for Frac-
tional Delay Filter Design. IEEE SignalProcessingMaga-
zine, 13(1):30–60,January1996.

[4] Michael E. McIntyre, Robert T. Schumacher, and James
Woodhouse.Aperiodicity in bowed-stringmotion.Acustica,
49(1):13–32,Sept.1981.

[5] Michael E. McIntyre, Robert T. Schumacher, and James
Woodhouse. On the oscillationsof musical instruments.
Acoustical of America, 74(5):1325–1345,Nov. 1983.

[6] R. Pitteroff. Modelling of the bowed string taking into ac-
countthewidth of thebow. In StockholmMusicalAcoustics
Conference (SMAC-93), pages407–410,Stockholm, July
1993.RoyalSwedishAcademyof Music.

[7] R. Pitteroff. Mechanicsof the contactareabetweena vio-
lin bow anda string. part i:reflection and transmissionbe-
haviour. partii: Simulatingthebowedstring.partiii: Param-
eterdependance.In Acustica-ActaAcustica, pages543–562,
1998.

[8] StefaniaSerafinandJuliusO. Smith,III. Modellingstiffness
in virtual bowedstringinstruments.In Proceedings, Atlanta
meeting,june2000.AcousticalSocietyof America.

[9] JonathanH. SmithandJamesWoodhouse.Thetribology of
rosin.Part I: Dynamicfriction measurements.Part II: Ther-
malmodelling.Part III: Stick-slipsimulation.in preparation.
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